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Abstract 

In Bargmann representation, the reggeon’s field theory[5] is caracterized by the non 
symmetrical Gribov operator 

Hy^x = >4 A* 2 A 2 + pA*A + i\A*(A + A*)A 

where A* and A are the creation and annihilation operators; [A, A*} = I. 

(A 7 , p, A) E M 3 are respectively the four coupling, the intercept and the triple coupling 
of Pomeron and i 2 = —1. 

For A' > 0,p > 0, let a(X,p) 7 ^ 0 be the smallest eigenvalue of Hy^x, we show 
in this paper that a(X, p) is positive, increasing and analytic function on the whole 
real line with respect to p and that the spectral radius of Hf, 1 ^ x converges to that of 
Hfjj x as X goes to zero. 

The above results can be derived from the method used in ([2] Commun. Math. Phys. 
93, (1984), P-T23-139) by Ando-Zerner to study the smallest eigenvalue a(0,p) of 
Ho,fi,x, however as Hy. t i.x is regular perturbation of Hq^x then its study is much 
more easily. We can exploit the structure of H x f x to deduce the results of Ando- 
Zerner established on the function cr( 0, p) as X goes to zero. 

Acknowledgments: The author would like to express his thanks to Professor Shinichi 
Mochizuki for its suggestions and comments on the french version of this paper. 
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1 Introduction 

Usually, quantum Hamiltonians are constructed as selfadjoint operators; for certain 
situations, however, non-selfadjoint Hamiltonians are also of importance. In particu¬ 
lar, the reggeon held theory (as invented by V. Gribov [5]) for the high energy behavior 
of soft processes is governed in zero transverse dimension by the non-selfadjoint op¬ 
erator: 

Hy^x = A 'A* 2 A 2 + yA*A + i\A*(A + A*)A (1.1) 

Where A and A* are the standard Bose annihilation and creation operators that: 
[A,A*] = I (1.2) 

and 

A', p, A are real numbers (A' is the four coupling of Pomeron, p is Pomeron in¬ 
tercept and A is the triple coupling of Pomeron see Gribov [5] or the excellent survey 
of the development of Reggeon theory and its application to hadron interactions at 
high energies given by Boreskov et al. at 2006 in [4].) and i 2 = —1. 

We denote the Bargmann space [3] by : 

B — {(j>:(T — » (U entire] / | <f(z) \ 2 e~^ 2 dxdy < oo} (1.3) 

Jw 

The scalar product on B is defined by 

<0,-0 >= [(j){z)if{z)e~^ 2 dxdy (1.4) 

Jw 

and the associated norm is denoted by | j . 11. 

B is closed in L 2 (C, dfi(z)) where the measure d[i(z) = e~^ 2 dxdy 

z n 

An orthonormal basis of B is given by e n (z) = —j=\ n = 0,1,.... 

Vn! 

In this representation, the annihilation and creation operators are defined by 
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A<j)(z) = 4>'{z) with domain D(A) = {<f G B; G B} 


A*iJj(z ) = z'ip(z) with domain D(A*) = G B; zif G B} 


Therefore, the Gribov operator Hy^ t \ can be written as 
= (A' z 2 + iXz)<f"{z) + ( iXz 2 + iiz)(j)'{z ) 


(1.4) 


where and <f>" are the first and second derivatives of <f(z) at z. 

As the vacnm is the trivial eigenvector of Hy^\ i.e zero is eigenvalue of Hy^x 
without interest then the maximal domain of Hy^\ is given by: 


— {(p G B 0 ; Hx\fj, t \4> G B 0 } 


(1.5) 


where 


Bo — {( f> G B; 0(0) — 0} 

In Bargmann representation [3], the principal spectral properties of have 

been studied in ref. [7] and [12]. 

The mathematical difficulties of this problem come of course from the non-self- 
adjoint ness of Hy^x. Notice that this non-self-adjointness is regular if X' ^ 0 ( the 
domain of anti-adjoint part is indued in the domain of adjoint part) and it is a rather 
wild one if X' = 0; the word ’’wild” meaning here that the domains of the adjoint 
and anti-adjoint parts are not included in one another, nor is the domain of their 
commutator. 

For A' > 0,/x > 0, let <r(A',/i) ^ 0 be the smallest eigenvalue of Hy^x, we show 
in this paper that cr(A',/u) is positive, increasing and analytic function on the whole 
real line with respect to fj, and that the spectral radius of Hf, A converges to that of 
H~\ 0 as A' goes to zero. 

The above results can be derived from the method used in ([2] Commun. Math. 
Phys. 93, (1984), p: 123-139) by Ando-Zerner to study the smallest eigenvalue er(0, /i) 
of H 0 ^x, however as Hy^x is regular perturbation of H 0 ^x then its study is much 
more easily. We can exploit the structure of Hf, ] jt A to deduce the results of Ando- 
Zerner established on the function er(0, p) as X' goes to zero. 

Now we give an outline of the content of this paper, section by section. In Section 
2, we recall some spectral properties of Hy tfl> \ and of H 0 ^x established in [7] which 
are necessary for further development and we recall the results of Ando-Zerner [2] on 
analyticity of cr(0,/i) with respect to the parameter /i. 

In Section 3, we explicit the inverse of Hy ttl ,x on [0, — ip'] which is given by: 
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= / N x >,^x{y,yi)^{-iyi)dyi 
Jo 

where 

-i rmin(y,yi) 

N Xj0 .(y,y ,) = ~ Vi)‘J e^V - »)“ (4+1, <is 

with 

p' = y e [0, p'], s e [o,y], ?/i e [s, p'] and 0 e ®i 

where 

®i is the family of all restrictions <j)\ to [0, — ip'] of 0 in ® 0 . 

This restriction permit us to show in section 4 that Ky^x can extended to Hilbert- 
Schmidt operator of L 2 ([0, p'], r(y)dy) to L 2 ([0, p'], r(y)dy). 

with 

r(y) = e 2p,y (l - ^) 2<s ; 5 = p'(p + p') - 1. (1.8) 

P 

In section 5, By using the properties of kernel of Ky tfl> x and by applying the 
Jentzsch theorem [14], we show that the smallest eigenvalue Hy^x is positive, in¬ 
creasing and analytic function on the whole real line with respect to p and also that 
the spectral radius of Hy 1 A converges to that of A as A' goes to zero. 

2 Revisited some spectral properties of Hy^x and 

-^0,/x,A 

Now, we begin by reviewing some spectral properties of the operators Hy ^\ and 
H w established in [7]: 

(a) For A' ^ 0, Hy^x i ias compact resolvent and its domain D(Hy^x) = -D(S') 
where 

S = A* 2 A 2 and D(S) = {0 e B; Al* 2 Al 2 0 e B}. 

(b) For A' > 0 and p > 0, Hy ^\ and \ are invertible on B 0 = {0 e B; 0(0) = 
0} and Hy 1 x converges to H~\ as A' goes to zero. 

(c) Pour A' > 0 and X' < pX' + A 2 , the spectrum of Hy^x is real and the system 
of its root vectors of is dense in Bargmann space B 


( 1 . 6 ) 

(1.7) 
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(d) For /x > 0, the spectrum of H 0) ^\ is real. 


(e) For /x > 0, there exists an eigenvalue cr(0,/x) ^ 0 in the spectrum of 

We can see [6], [8], [9], [10], [11], [12] and [13] for another spectral properties of 
Hy^x and H 0 ^ X - 

In [2] , Ando and Zerner have given an explicit form of inverse of \ on negative 
imaginary axis; z = —iy with y > 0. 


In this case , H 0 * A can be written as integral operator in following form : 


r»+oo 


(-iy) = / N Qtlti x(y,s)il)(-is)ds 
Jo 

where 


( 2 . 1 ) 


1 


N 0 ,^x(y,s) = —e 2 A 

—x 2 —2ujx 


rmin(y,s) 2 

eTT+ft"*,. 


( 2 . 2 ) 


'0 


Let L 2 ([0, +oo[, e x ux dx) be the space of square integrable functions with re¬ 
spect to the measure e~ x ~ 2ux dx then we have the following result due to Ando-Zerner 
[ 2 ]: 


Proposition (Ando-Zerner [2]) 

i) V /x G C; IZep > u> then iL a/ ] A can be extended to Hilbert-Schmidt 
operator of L 2 ([0, +oo[, e~ x2 ~ 2ujx dx) to L 2 ([0, +oo[, e~ x2 ~ 2ux dx) . 

ii) For /x > 0, let cr(0,/x) be the smallest eigenvalue of then cr(0,/x) 

is positive, increasing and analytic function on the whole real line with respect to /x. 

3 Explicit inversion of Hy^ \ on [O’ *A'l 

In all this section we put p' = j^, p = j and 5 = p'(p + p') — 1 for A' ^ 0 and A ^ 0. 

In analogy to Ando-Zener method [2], we begin by to explicit the inverse of Hy^x 
on [0, -ijf] 

Let if G ®o and <f> G D(Hy tfl> x, we consider the equation Hy^x^ — ^ witch can 
be written under following form : 

(A ' z 2 + i\z)(p"(z) = ( iXz 2 + pz)cj)'(z) = 'if(z) (3.1) 
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Let if G ®o and choosing the straight line connecting —ip' , z € C parametrized by 
7 : [0,1] -> C, 7(t) = -ip + t(z + ip') (7(0) = -ip', 7(1) = z) 

If we define f i/j(£)d£ := 

J—ip' 

can be transformed to following integral equation : 

4>{z) = £ f + v')- (i+1) [ f e«(£ + (3.2) 

A J-ip’ J-ip’ s 

However, the integral representation of <p(z) in this last equation (3.2) is hard to 
study in C for some existing results on eigenvalues and eigenfunctions of our opera¬ 
tors. To overcome this difficulty, the study of (3.2) is restricted on negative imaginary 
axis by setting : 


/ if(y(t))y'(t)dt then the equation (3.1) 


z = —iy, u(y ) = <f(—iy) and f(y) = 'if(-iy) with y e [0,//] then (3.1) can be 
written in the following form: 

(AV - A y)u"(y) + (A y 2 + py)u\y) = f(y) (3.3) 

As if e B 0 then /(0) = 0 and if we put y = —is and £ = jq with , s e [0, y] and 
;//! 6 [s, p'\ then (3.3) can be transformed to following integral equation 

<K-iy) = y, [ e~ p ' s (p' - s)- (5+1) f e P Vl (p' - dyids (3.4) 

A' Jo Js Vi 

then we get 

K x >,p,\'ip(-iy)= [ N x >,p,x(y,yiH’{-iyi)dyi (3.5) 

Jo 

with 


Nx,p,x(y,yi) = j^ eP ' yi (p' ~ 


dmin{y,y\) 


- s)- (M) ds 


(3.6) 


or 




min(y,yi) 


e~ p ' s (l - -)~ {s+1) ds 
P 


(3.7) 


Let T = min(y,yi) and 0(T) = e p ' s (l — -^) ^ +1 - ) ds 

Jo P 


then we get the following elementary properties on the function @(Y) near to 
points zero and p’ respectively: 
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Lemma 3.1 


Let T = min(y,yi) et 0(T) = / e~ p ' s (l 


—) ^ s+1 ^ds then 
P’ 


Jo 

i) 0(T) = T near zero. 


ii)0(T) = (// — T) 6 near p'. 


4 Extension of K x i^ x to i 2 ([0, p'\, r{y)dy) 


Let L 2 ([0, p'],r(y)dy) be the space of square integrable functions with respect to 
the weight r(y) = e 2p ' y {l — y) 2S ] p' = jr and 6 = p'{p + p') — 1. 

By using the lemma 3.1 we obtain the following theorem: 

Theorem 4.1 

For A' > 0, /i > 0 and A > 0 can be extended to Hilbert-Schmidt operator of 

L 2 ([0, p'],r(y)dy) to L 2 ([0, //], r(y)dy). 

Proof 


Let riy) = e 2p ' y (l — —) 2<5 ; 6 = p'(p + p') — 1 then 
P 


Ky^x^i-iy) = N x , )tl)X (y 1 y 1 )'if(-iy l )dy 1 



with 



e~ p ' s (l - -)~ is+1) ds 
P 


can be written under the following form : 



(4.1) 


with 
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or 


Vi) - - - 7 = 

Now we consider the following integral: 
rp' rp' 

I= / N l'^y^y^ r ^yy^ d y d y i 

Jo Jo 
or 


(4.3) 


(4.4) 


I = 


rp' rp' ^ 


'0 Jo 


A 2 y\ 


Q 2 (min(y,y 1 ))r(y)dydy 1 


By applying Fubini theoren then (4.5) can be written as : 
rp' rv i x 


I = 


Jo Jo A 2 y\ 

and we have: 


Q L (min(y 1 y 1 ))r(y)dydy 1 + 


rp' rp’ ^ 


(4.5) 


1 0 Jy 1 A 2 y\ 


0 2 (min(y, y 1 ))r(y)dydy 1 


"p ryi 


1 = 


'0 Jo 


A 2 y\ 


& 2 (y)r(y)dydy 1 + 


rp' rp' ^ 


/ 0 Jy i A 2 ?/? 


© 2 (2/iM2/)*/ch/i = Ii + I 2 


with 


rp ryi 

ii = / To - 2 / ® 2 (y) r (y)dydyi 


\iy 2 


(4.6) 


and 


I 2 = £ £ r(y)dyd yi (4.7) 

Now we remark that 


ryi 

i) For yi near zero we have / Q 2 (y)r(y)dy = yf 

Jo 

and 

ryi 

ii) For yi near p\ the function y\ —>■ I 0 2 (y)r(y)dy is continuous. 

Jo 

then from i) et ii) we deduce that the first integral (4.6) converges. Similarly we 
verify that the second integral (4.7) converges and consequently the operator Ky^x 
is Hilbert-Schmidt on L 2 ([0, p'}, r(y)dy). 


A. Intissar 











On the smallest eigenvalue of Gribov operator 


23 January 2015 


5. Application of an generalized version of 
Jentzsch theorem to K\>^\ 

In this section we begin by recalling some generalizations of Jentzsch theorem 
[14] which are necessary to prove the main results on the smallest eigenvalue of our 
operator A . 

The next theorem is due to Zerner which simplifies considerably the prove of an 
theorem given in the page 337 of the book Schafer [17] which is presented as “a gen¬ 
eral version of a classical theorem on kernel operators (theorem of Jentzsch [14])”. 

Theorem 5.1 ([17], [18]) 

Let (X, S,r) be a measure space with positive measure r and L p (r) be the set 
of all measurable functions on X whose absolute value raised to the p-th power has 
finite integral. 

Let T be an integral bounded operator defined on L p (r) by a kernel N > 0. 

We suppose that: 

(i) There exists n E N such that T n is compact operator. 

(ii) For § G r(S) > 0 and r(X — S) > 0 we have : 

f ( N{s,t)r{s)dT{t ) >0 (5.1) 

Jx- s J s 

Then 

the spectral radius r(T) of integral operator T is simple eigenvalue associated to 
an eigenfunction / satisfying /(s) > 0 r-almost everywhere. 

And if N(s, t) > 0 r < 8 > r-almost everywhere, then every eigenvalue a of T 
satisfies | a \< r(T). 

Now to apply the above theorem at we need of some results given in [2] 

that we recall under theorem form: 

Theorem 5.2 (Ando-Zerner [2]) 

Let E be a Banach space immersed in L p (r) with more strong norm. 

Under the same assumptions that of the above theorem, we suppose that: 
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(i) The operator T is compact on E and E is invariant by T. 

(ii) There exists a positive function in E. 

Then 

the spectral radius of T on E coincides with its spectral radius on L p (r). 
Now for the operator (4.1) acting on L 2 ([0,//], r(y)dy) recalled below 

^{~iy)= [ N x ,^ x (y,y l )if(-iy l )r(y l )dy l 




r‘min(y,yi) 


^yiV r (yi) Jo 


o~P S 


(i 


< 5+ ^ds 


p 


or 


=0(mm(j/, j/i)) 


N\',»,\{y,yi) = - - r — 

mv r (yi) 

we have the following spectral properties: 


(i) Ky ,y,,x is Hilbert-Schmidt operator on L 2 ([0, p'], r(y)dy). In particular, it is a 
compact operator on E>i. 

(ii) Bi is invariant by Ky^x- 

(ii) Pour A > 0, Ny^x is positive. 

• 2 • 

SITl lZ 

(iii) The function <f(z) =- is positive and belongs to B|. 

iz 

By applying the above theorems 5.1 and 5.2, we get the following results given 
under theorem form 

Theorem 5.3 

(i) For A > 0, the operator Ky.^.x acting on L 2 ([0, p'}, r(y)dy) has a non-zero 
eigenvalue. 


(ii) For A > 0, the largest eigenvalue in modulus fi(A', /i, A) of the operator Ky^x 
is simple, positive and the associated eigenfunction is positive on M + . 


(iii) is the largest eigenvalue of Ky )tl) x as an operator acting on B 1; 
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where ®i is the family of all restrictions <f>\ [Q _ , to [0, — ip'] of </> in ®o- 

Now we are going to study the convergence of r{y) = e 2py (l — -^) 25 ; 6 = p\p + p') — 
and the convergence of as A' —> 0 i.e as p' —$■ +oo. 

If we set : 

a) N p >(y,y l ) = N y ^ x (y, yi)x[o,pf]x[o,pf] where X[ 0 y]x[oy] is the indicator function 
of the interval [ 0 ,p'] x [ 0 ,p']. 

r+oo 

b) Kpiif(-iy) = / A^ p /(p,pi)^(-ipi)dpi 

Jo 

c) L 2 ([0, +oo[, r OQ (y)dy) be the space of square integrable functions with respect 
to the measure r^iy) = e~ y ~ 2pv dy 

then we obtain 


Lemma 5.4 


(i) Let r(y) = e 2p ' y (l — —) 2S with 5 = p'(p + p') — 1 then 

P 

Lim r(y) = r^y) = e~ y2 ~ 2py as p' —> +oo. 


(ii) Let Npf{y,y{) = 


cmin(y,yi) 


A?/i ^r(y l ) Jo 


e~ p ' s (l - -)~^ds then 
P' 


1 -y\ m 

Lim N^(y,y 1 ) = N^y.y^ = 
ciated to H~\) as p' —> +oo. 


rmin(y,y i) ^ 

e^ + ^ s ds (the kernel asso- 


Proof 

i) As LogWrly) = p'y + 5Log(l — —) then for p' —> +oo we have: 

P 

o 

Log\Jr(y) = p'y - 5 


ft 


2p ; 

_ / // , nV , y ,, . ,s y 2 . y 2 

= f>y-p(p + p)p + -,-p(p+p)^2 + ^2 

2 2 2 

_ / / , y y y , y 

= „- n - py+ -- P --- + — 

it follows that: 


lim Log\Jr(y) = — ^— py lorsque p' —» +oo 
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which establishes the result: 


Limr(y) = = e r 2py as p' —> +oo 

ii) As in i), similarly if A p > denotes A p t = e~ ps (l -it follows that: 


Lira A p > = e* 2 +ps as p' —> +oo 


which establishes the result: 



/ 

Jo 


•min(y,y 1) 


e 2 + * s ds the kernel asso¬ 


ciated to H \ as p' —* +oo. 


To deduce the principal result of Ando-Zerner (proposition 1 [2]) and the conver¬ 
gence of the spectral radius of H A to that of H 0 ^ x as X' goes to zero, we need 


to study Ny^x with respect to the parameters A' and p in particular, its analyticity 
with respect to the parameter p. 

Theorem 5.5 



—) (' 5+1 ' ) ds then 
P 


the function p' —y N p t is decreasing. 



iii) The integral operator K p t can be extended to Hilbert-Schmidt operator of 
L 2 ([0,+oo[,r ao (y)dy) to L 2 ([0, +oo[, r OB {y)dy). 

iv) On L 2 ([0, +oo[,r 00 (y)dy), the integral operator K p i converges to integral op¬ 
erator K 0 . p . x as p' goes to infinity with respect to Hilbert-Schmidt norm. 

v) Let 0(A', p, A) be the spectral radius of Ky iP/i \ of kernel Ny^\ and let 0(0, p, A) 
be the spectral radius of K 0)P: \ of kernel N 0tPt \ then 

Lirn 0(A', p , A) = 0(0, p , A) as A' —> 0 or p' —> +oo. 

vi) The functions p —> Ny tP} \ and p —> 0(A p, A) are creasing with respect to p. 
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vii) The function /i — y f2(A', /i, A) is analytic on the whole real line with respect to 
fi and the function /i — > 0(0, p, A) is also analytic on the whole real line with respect 
to fa. 


Proof 

i) By observing that the map p —> eT is decreasing where a is an positive con¬ 
stant, we deduce that the map p' —>• N p i is also decreasing. 

ii) We obtain this property from the above lemma. 


iii) If we consider the integral 

/*+oo /»+oo 


2 r oo (y) 


N, 

p Tooiy 


dydyx 


then we have: 


*+00 /*+oo 


Ni 


>0 


roc (y) 

rooiVi) 


dydy x = 


'0 Jo 


Nl^ x e~ {y2 ~ y2l) ~ My ~ yi) dyd yi 


<Cp 


is bounded. 


"P rf 

'0 Jo 


Nl^fydyp where C p < is a constant because the function e vi) 2 p(v vO 


As 


'0 Jo 


Ny pX dydyx < +c>o then we deduce the property iii) of this theorem. 


iv) Let (X, S,r) be a measure space with positive measure r. An version of 
the classical monotone convergence theorem of Beppo Levi formulated in terms of 
functions of the Lebesgue space L 2 (X, S,r) reads as follows: If (/ n : n > 1) is an 
decreasing sequence (that is, f n (x ) > /„+i(x) for every n and almost every x in X) of 


nonnegative,square integrable functions on X such that 
Then 


fx(x ) | 2 dr < +oo 


ix 


f n converges to some square integrable function / both almost everywhere and in 
L 2 -norm as n —> + oo. 

By applying this theorem, (ii) of lemma 5.4, (i) and (ii) of theorem 5.5 we deduce 
that: 


lim 







—-—-dydyx as p —> + oo 
roc{yi> 


and 
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K p f converges to K(p, A) as p' goes to infinity in Hilbert-Schmidt norm on L 2 ([0, +oo[, roo(y)dy). 

v) Let f2(A', p, A) be the spectral radius of Ky llx ,x of kernel Ny, p ,x and let fi(0, p, A) 
be the spectral radius of K ()jlX of kernel N 0 ^ x then 

As Ny^\ is positive decreasing sequence of kernels which converges to the positive 
kernel 7 V 0)Mj a as goes to infinity we deduce that : 

f2(/i, A) < Lim 0(A', p, A) as p' —> +oo. 

Thus it suffices to show that 

Lim fi(A', p, A) < 12(0, p, A) as p' —> +oo. 

From the above property iv) we deduce that 

V n e N, II ||= -(■ II ||= as p' ^ +oo. 


i.e. 


V e > 0, 3 ppV p' > pi we have || K^ x ||~ -e <|| K%,^ x ||™<|| K^ x ||i +e 
set pi — 4- then we get 

A i 


K 


A x ,ii, X 


; <ll Ku,x 


+e. 


In particular, we get 

Q(\' 1 ,p, A) < 12(0, p, A) + e (5.2) 

Now as 

0(A r , p , A) = lim j | Ky,fj,,x II" as n —> +oo 
i.e. 


V e > 0, 3 n 0 G N; V n > n 0 we have 12(A', p, A) — e <| | K x , x 11 n — !2 (a',#i,a) + 6 

By using the above right inequality and the decreasing of the map p' —* Np , we 
deduce that: 


11 -^y,u,x 11 71 — ^(A, p, A) + e < fi(A 1; p, A) + e (5.3) 

and by (5.2) and (5.3) and for all e > 0, we get: 
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lim Vlp’ < f2(0, p, A) + 2e as pf — > +oo 
Then 

lim h2(A , p, X) = 0(0, p, A) as A' —> 0. 

2 rmin(y,yi) 

vi) Let Nx',»,\(y,yi) = 


^yW r {yi) Jo 

5 = p\p + p') - 1 = p' 2 + pp' - 1 

then N\',ij,,\(y,yi) can be written as 


e~ p ' s (l - -)- {s+1) ds where 
P' 


N x ,^ x (y, yi ) = —e py '(l-^) 
Xyi p' 


yi \ P ' 2 -1 


rmin(y, yi ) / _ 

/ e~ p s {l--)- p - y -) pp ds (5.4) 

/ o P P ~ 8 


As 0 << ?/i, the map p —>• [--— ] pp is creasing with respect to p and we get vi). 

p' — s 

vii) Let dp = p'{^~ + p') — 1 and Lo^QO, p ; ], rp(y)dy) be the space of square inte- 
A 

grable functions with respect to the measure rp{y) = e 2pv (l - -) 25p 

To use the results of chapter VII of Kato’s book [15] on the operators depending 
of a parameter, we shall consider the map: 

rp' rp' 

p^<(j),K y ^ x i>>= <f>(~iy) N x p ll , x {y,yi)if{-iyi)dy 1 rp(y)dy (5.5) 

Jo Jo 

with (f e L 2 j3([0,ff),rp(y)dy) and if e L 2 ^([0, p'],rp(y)dy) 

We being by showing that the map defined by (5.5) is continuous with respect to p : 
Let N X pp be the expression of N x \p, x where we have replaced A by 8p. 


Now, we set fp{y,yi) = e 2p ' y {l - ^) 2dp N x ,^ x (y, yi)^>(-iy)il}{-iyi) then for p > f} 


y \2 s 


we have: 


P 


I U{y,yi) 1= e 2p,y (l - —f^Ny^y.yi) \ cf(-iy) || if(-iyi) \ 

P 

then the continuity of (5.5) with respect to p follows by applying the bounded 
convergence theorem. 

Now to show that the map defined by (5.5) is analytic with respect to p, it suffices 
to observe that for all closed curve we have 


N X ',n, X dp = 0 


(5.6) 
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and to apply the following theorem: 

Theorem (Reed-Simon [16], theorem XII. 8 ) 

Let E be a complex Banach space and L(E) be the set of bounded operators on 
E with respect to the operator norm. 

Let T be an analytic function (yu E C — > T(//) E L(E)) and <7o be a simple eigen¬ 
value of T(/i 0 ). 

Then 

There exists an analytic function a of /i for /i near /io such that cr(/i) is simple 
eigenvalue of T(/z) and <x(/i 0 ) = &o- 

Conclusion 

For A' 7 ^ 0, the operator Hy^x has a rich set of spectral properties desired by 
physicists. 

For A' = 0, Ando-Zerner results were a major contribution in the spectral study 
of the operator however the density of its eigenvectors in Bargmann space is 

open question. 
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